Abstract-Using the self-consistent Vlasov approach, we calculate the sensitivity of the growth rate and frequency of the transverse magnetic modes of a relativistic backward-wave oscillator to Budker's parameter. A closed algebraic dispersion relation is derived, representing the linear stability properties of the free-streaming modes of a relativistic, thin, hollow, cylindrical electron beam moving down the axis of a discloaded waveguide in a strong axial magnetic guide field. The analysis is restricted to small ratios of Budker's parameter to the relativistic gamma factor of the beam.
I. INTRODUCTION
T HE RELATIVISTIC backward-wave oscillator is a promising source of high-power microwaves [1] - [3] . Power levels greater than 1 GW have been reported [3] - [5] . Recent theoretical work on this device has included particle-in-cell simulations [6] , [7] and stability analyses based on the fluid equations [8] - [11] . The present work is based on a self-consistent linear Vlasov analysis [12] of the relativistic backward-wave oscillator [13] . The analysis presented here is similar to that performed recently in the analysis of the cusptron [14] .
Using the self-consistent Vlasov approach, we calculate the linear stability properties of the free-streaming modes of a relativistic, thin, hollow, cylindrical electron beam moving down the axis of a disc-loaded [15] waveguide. Although high-voltage backward-wave oscillators typically employ sinusoidally rippled waveguides to avoid breakdown, for relatively long wavelengths the results of analysis should be relatively insensitive to the detailed shape of each periodically spaced waveguide resonator. Fortunately the disc-loaded waveguide is analytically tractable in spite of the added complexity of the Vlasov approach. The analysis presented here is restricted to small ratios of Budker's parameter to the relativistic gamma factor. High-power backward-wave oscillators typically operate near the limiting current, resulting in significant values of Budker's parameter. The present analysis is expected to be applicable for ratios of Budker's parameter to the relativistic gamma factor of less than or on the order of one-tenth.
A closed algebraic dispersion relation is obtained for the transverse magnetic modes coupled to the free-streaming modes of the beam. In this paper we particularly address the parametric dependence of the instability growth rate and frequency on Budker's parameter. Different values of beam radius and longitudinal momentum spread are considered.
In Section II, the Vlasov-Maxwell theory is presented and the dispersion relation is derived. Section III presents the results of calculations of sensitivity of the growth rate and frequency to Budker's parameter. Section IV draws conclusions.
II. VLASOV-MAXWELL STABILITY ANALYSIS As illustrated in Fig. 1 , the equilibrium configuration consists of a thin, hollow, cylindrical electron beam, which is infinite in axial extent and propagates down the axis of a disc-loaded waveguide. A strong confining magnetic field Boez is aligned parallel to the beam axis. The beam radius is Ro and is assumed to have negligible thickness. The inner and outer radii of the disc-loaded waveguide are denoted by R, and Rc, respectively. The disc thickness is denoted by 6, and L denotes the distance between the centers of adjacent discs. We employ cylindrical polar coordinates r, 0, and z.
In the present analysis we assume V/'Yb << 1 (1) where v = Nbe2/mc2 is Budker's parameter, Nb is the num- where E, (r) is the axial electric field for the harmonic number n, and the source function a, (w, k) is defined by (2) In (2), H = 'ymc2 is the total energy; P, = p, is the axial canonical momentum; Po = r[ po -(el2c) rBO] is the canonical angular momentum; PO = (-el2c) (R2 -r2)BO is the canonical angular momentum of an electron with Larmor radius rL; I3bC is the mean axial velocity of the beam; 'Yb (1 -3b) 12; 12 b is the relativistic electron-cyclotron frequency; and e and A are constants. The dimensionless quantity A parameterizes the axial momentum spread of the beam in units of mc.
We self-consistently restrict the linear Vlasov-Maxwell dispersion analysis to frequencies near the unperturbed beam frequency Lb, namely
The right-hand side of (7) is of order PlYb or smaller for all n except n = s. For n = s the resonance denominator of (8) is very small, provided the imaginary part of that denominator (proportional to A) is negligible, and consequently the right-hand side of (7) can be large. We therefore approximate (7) by
where 6ns is the Kronecker delta. The physically acceptable solution to (9) for Ro < r < Ra is given by where E, (r) = a, Z(p0r), Ro < r < Ra
In (3) and (4) 
where the function ZO (x) is defined by
and the parameter p, is defined by
In (11) (13) where J,(x) and NI(x) are Bessel functions of order unity.
We assume relatively long-wavelength perturbations and approximate the axial electric field inside the resonators (6) ( 
where the wave admittance r(co, k) at the beam is given (19) by The instability growth rate is given by the imaginary part of co, namely, Im c(k), where co (k) is a complex solution to the dispersion relation. The ordinary frequency is the real part, namely, Re (k).
The dispersion relation for the empty disc-loaded waveguide is obtained from (24) with vanishing Budker's parameter P. Hence r (, k) = 0, and from (19) and (25) In Fig. 2 Fig. 2 . The operating point for the TMo0 mode is near the maximum of the TMO0 waveguide dispersion relation where awlak is small and negative, which is consistent with large excitation of a backward wave. In Fig. 3 the actual frequencyf = (cl2irRa) (wRa/c) Fig. 4 shows the growth rate and frequency expressed in units of c/27Ra, namely Im(cvRa/c) and Re(wRa/C), plotted against wavenumber expressed in units of 11R,, namely kRa. This is done for a range of values of Budker's parameter: v = 0.100, 0.010, and 0.001. These curves were obtained by solving (24) numerically for complex w. This case corresponds to a cold beam with space harmonic number s = 0. The growth rate is that for the TMO1 mode.
From Fig. 4 we see that the growth rate increases rapidly with increasing Budker's parameter, while the frequency decreases and the wavenumber increases. Fig. 4 suggests that the bandwidth increases with increasing because the growth rate is broader. Also, a rather broad range of wavenumbers is excited, which is presumably due to the large value of Ib, resulting in the operating point being near the maximum of the TMo1 mode of the empty waveguide. For Budker's parameter v = 0.01, the growth rate peaks for Im (cRa/c) = 0.07 and Re (wRa/c) = 1.9. For R, = 1 cm, the corresponding growth rate is 2.1 x 109 s-1 and the frequency is 9 GHz.
In Fig. 5 In Fig. 6 the same calculations as in Fig. 4 IV. CONCLUSIONS
In this paper we have used the self-consistent Vlasov approach to calculate the dispersion relation and linear stability properties of the free-streaming modes of a relativistic backward-wave oscillator consisting of a thin, hollow, cylindrical electron beam with low P'lYb moving down the axis of a disc-loaded waveguide. The complete dispersion relation is given by (24). That of the empty disc-loaded waveguide is given by (20) and (26).
In the present work, we examined by numerical calculations the sensitivity of the growth rate and frequency of the TMo0 mode to Budker's parameter v. For the chosen parameter regime, larger values of Budker's parameter generally result in larger growth rate, lower frequency, and larger bandwidth. The dependence on v was calculated for different values of longitudinal momentum spread and beam radius. Additional theoretical development and sensitivity analysis together with experimental comparisons will be published elsewhere.
In conclusion we delineate the assumptions upon which the present model is based. We assume: low P/Yb and correspondingly negligible self-fields; a distribution function which is the product of a delta-function in energy, a deltafunction in canonical angular momentum, and a Lorentzian in axial canonical momentum; negligible thickness of the infinitely long annular electron beam; a very strong external axial magnetic field; and azimuthal symmetry. Also we assume that the free-streaming transverse magnetic modes dominate and we approximate the perturbed distribution function by using the method of characteristics. We make a long-wavelength approximation assuming negligible axial variation of the fields in the resonators, and as a resonance condition we require continuity of the average azimuthal component of the magnetic field at the inner boundary of each resonator. These assumptions may be relaxed in future improvements of the theory. The design of a high-power backward-wave oscillator also requires an estimate of the start-up current and the expected output power.
